Reichenbach proposed a three-valued logic to describe quantum mechanics. In his development, Reichenbach presented three different "negation" operators without providing any criteria for choosing among them. In this paper we develop two three-valued derived logics for classical systems. These logics are derived in that they are based on a theory of physical measurement. In this regard they have some of the characteristics of the quantum logic developed by Birkhoff and yon Neumann. The theory of measurement used in the present development is the one used previously in developing bivalent derived logics for classical systems. As these systems are derived logics, many of the ambiguities possessed by systems such as Reichenbach's are avoided.
DERIVED LOGICS
Westmoreland and Schumacher (1993) discussed the notion of "derived logics." The prime motivation for this discussion was to adumbrate the status of von Neumann-Birkoff-type logics which have been proposed for the analysis of quantum mechanical systems. The term "derived logic" reflects the fact that the object language of a physical theory is derived from the mathematical structure of the space of physical states for a given system. For example, the von Neumann-Birkhoff object language of quantum mechanics is derived from the Hilbert space structure that standard quantum mechanics associates with a physical system. Let us consider a simpler example of a derived logic in order to illustrate the concept. We take our system to be a point particle which is constrained to lie somewhere along a line. R is the mathematical space of configurations for this system. We operate under the (unphysical) assumption that measurements of the particle's location are infinitely precise. Thus, we will be able to identify measurements with arbitrary subsets of R--for example, infinite precision allows us to determine experimentally whether the particle's coordinate is a rational number or not. A measurement in this dreamland consists in the unambiguous determination of whether the system's configuration lies within a particular set or not.
In this system, propositions about the particle would be of the form: "The particle is in X," where X is a subset of R representing positions. In this case, propositions about the particle will also be identified with subsets of R. This is a result of the fact that any two distinct subsets of R may be distinguished from each other by some measurement. Indeed, given sets A and B in R, the measurement (subset) A n/v (where the superscript c stands for complementation) will distinguish between the sets.
Since we wish for logical operators to map sets of propositions to a proposition, we will identify logical operators with set operations as follows:
The expression on the right-hand side of each equation treats the objects A and B in their ordinary set-theoretic guises, each expression yielding the definition of the logical operator acting on A and B, now treated as propositions, on the left-hand side. These definitions accord with our intuition concerning the truth of a proposition as determined by a measurement. For example, if a measurement yields true (respectively, false) for A and true (respectively, false) for B, the same measurement will yield true for A n B (respectively, false for A U B). Similarly, ~A is determined to be true by a measurement (respectively, false) if and only if A is determined to be false (respectively, true) by the same measurement.
Given this mathematical state space and this theory of measurement, the derived logic for this system will be ordinary Boolean logic. This follows from the fact that the calculus of set operations is a Boolean lattice. It is interesting to note that a theory of measurement which is only slightly more sophisticated than the one considered here will yield non-Boolean logics.
The main thesis of Westmoreland and Schumacher (1993) is that nonstandard derived logics are possible for a wider class of physical theories than
